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Abstract
The irrotational part of the structural intensity for flexural wave motion in
plate-like structures is calculated from measurement data of kinematic quan-
tities, such as out-of-plane velocities, by a new method that makes use of a
test functional series expansion. The computation of the structural intensity
and its irrotational part, which allows to effectively assess vibrational sources
and sinks, is less sensitive to measurement noise as compared to standard ap-
proaches.
Keywords: structural wave propagation, structural intensity, source
localisation, measurement methods
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1. Introduction
The assessment of structural energy flow is an important diagnostic tool
in noise and vibration control. The determination of structural intensity from
measurement data of the flexural wave motion in plate-like structures allows
the localization and analysis of vibrational sources and sinks. Knowledge
about the vibrational sources and sinks can assist professionals to devise
appropriate solutions to noise and vibration problems.
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Traditionally, structural energy flow is determined by means of accelerom-
eter measurements, in combination with a finite difference scheme (in time
domain) to calculate the structural intensity vectors that go along with flex-
ural waves [1]. Verheij proposed to calculate the structural intensity in the
frequency domain by means of a cross-spectral analysis [2]. For spatially
dense measurements, a spatial Fourier transform is often used [3, 4], com-
bined with a laser Doppler measurement technique [4, 5, 6, 7].
The structural intensity vector field basically consists of a rotational and
an irrotational part. The irrotational intensity indicates how the energy
flows from the sources towards the structural ”far field”. The rotational
part indicates how the energy loops, and is not related to the energy flow at
large distances from the source. The extraction of the irrotational intensity
has significant advantages in that it visualizes the energy flow without the
masking effects of energy loops that are related to the rotational intensity.
In literature, however, only a few applications of the irrotational part of the
intensity are available [7, 8, 9].
This paper introduces a new approach to calculate the irrotational part
of the intensity from a spatially dense measurement of kinematic quantities,
such as the out-of-plane velocity as measured by means of a laser Doppler
vibrometer scanning system. Section 2 gives a brief overview of some meth-
ods that are commonly used in this field of research, such as the use of a
regressive discrete Fourier series, as developed by Arruda [10] (subsection
2.1), to regularize the measurement data and a spatial Fourier transform
approach (subsection 2.2) to determine the irrotational part of the sound
intensity. The theory introduced in this paper (subsection 2.3) does not use
a spatial Fourier transform approach, but uses a series expansion consisting
of a limited number of test functions to determine the irrotational part of
the sound intensity. This method will be denoted by TFS (test functional
series) method. In section 3 the method is demonstrated for the assessment
of energy flows in a vibrating light-weight building element.
2. Theory
Assuming the structural intensity to be a continuous vector field whose
divergence and curl vanish at infinity, a Helmholtz decomposition can be ap-
plied, decomposing the field in an irrotational (curl-free) part and a rotational
(divergence free) part,
~I (x, y) = ~Iφ (x, y) + ~Iψ (x, y) (1)
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where
~Iφ (x, y) = −~∇φ (x, y) (2)
and
~Iψ (x, y) = ~∇× ψ (x, y) (3)
The structural intensity is composed of 3 components: bending moment
energy contribution, shear force energy contribution and twistin or torsion
moment energy contribution [1]. All three individual components of the
structural intensity can be split up into a rotational and an irrotational part.
The test functional series (TFS) expansion approach can be applied to each
individual component as well. Without loss of generality, the part of the
structural intensity which is related to the bending waves is considered in
this paper.
Several methods are available to determine the structural intensity vector
field for bending waves in plate-like structures from out-of-plane velocity or
acceleration data [1, 11, 12]. In this paper the formulation of Arruda and
Mas [7] is used, which is based upon the classical plate theory [13] for non-
interacting propagating waves (absence of acoustic nonlinearity):
~I (x, y) =
√
Dρh =
(
v (x, y) ~∇v∗ (x, y)
)
(4)
where D = Eh3/(12(1 − ν2)), E is Young’s modulus, ρ is the density, h
is the plate thickness, ν is Poison’s ratio, =(...) denotes the imaginary part,
and v (x, y) is the velocity field as function of x and y.
Since high-order spatial derivatives are required to determine the struc-
tural intensity vectors from the velocity field v (x, y), usually regularization
is necessary in order to avoid distortions in high order spatial derivatives
and large wavenumber components, induced by measurement noise and de-
viations. A number of regularization techniques could be employed for this
purpose, among which wavenumber filters [4, 14] or similar techniques. Here,
the measured velocity field is regularized by means of a smoothing technique
called regressive discrete Fourier series (RDFS) (Arruda [10]), which is briefly
outlined in subsection 2.1.
In subsection 2.2, we determine the irrotational part of the structural in-
tensity, ~Iφ (x, y) by the method of Pascal [8]. In subsection 2.3, an alternative
approach, which is based on a test functional series, is proposed. It is shown
that regularization of the measurement data is not required for the newly
introduced approach (subsection 2.3), as it inherently regularizes the data.
Both approaches are compared in section 3.
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2.1. Regularizing the velocity field by means of regressive discrete Fourier
series
Basically, in the method developed by Arruda [10], regularization of the
measured velocity field is performed by approximating it by a truncated
spatial Fourier series. Only the first terms of the spatial Fourier series are
retained, thus ignoring the parts of the signal with a high wavenumbers k =
2pi/λ, where λ is the structural wavelength. This spatial filtering procedure
allows to suppress deviations in the higher spatial derivatives of the field in
the calculation of the structural intensity vectors.
Given experimental data v (x, y), spatially sampled at positions x =
m∆x, m = 0..(M − 1) and y = n∆y, n = 0..(N − 1), the velocity field
can be written as
v (x, y) =
p∑
k=−p
q∑
l=−q
XklW
mk
M W
ln
N + mn (5)
where WM = ei2pi/M and WN = ei2pi/N . Typically, M and N are chosen
larger than respectively M and N . mn is a residual to be minimized. The
imaginary number is denoted by i. The number of wavenumber terms used
in the regressive Fourier series in the x− and y− direction are p  M and
q  N , respectively. Rewriting Eq. 5 in matrix form gives
v = WMXWN +  (6)
where
WM =
W
1·(−p)
M · · · W 1·pM
...
. . .
...
W
M ·(−p)
M · · · WM ·pM
 (7)
WN =
W
1·(−q)
N · · · WN ·(−q)N
...
. . .
...
W 1·qN · · · WN ·qN
 (8)
are matrices of dimension M × (2p + 1) and (2q + 1) × N , respectively. X
has dimension (2p+ 1)× (2q + 1).
The least square solution of Eq. 6 is given by
X = (WMHWM)−1WMHvWNH(WNWNH)−1 (9)
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where H denotes the complex conjugate transposition. Note that the di-
mensions of the matrices to be inverted in Eq. 9, (2p + 1) × (2p + 1) and
(2q+1)×(2q+1), are relatively small, thus limiting the required computation
time to perform the inversions.
The smoothed velocity field is then given by
v(s) = WMXWN (10)
The spatial derivatives in x− and y− direction can then be obtained by mul-
tiplying Xkl by i2pik/(M∆x) and i2pil/(N∆y), respectively, before applying
Eq. 10, and used to compute the structural intensity vector ~I (x, y) using
Eq. 4.
2.2. Determining the irrotational part of the structural intensity by means of
a spatial Fourier transform
Following the approach of Pascal [8], the scalar potential φ and irro-
tational part of the structural intensity ~Iφ are first converted from spatial
domain to wavenumber domain, i.e.
φ(kx, ky) = F2 {φ (x, y)} ~Iφ(kx, ky) = F2
{
~Iφ (x, y)
}
(11)
where F2 denotes a 2-dimensional spatial Fourier-transform. Since the gra-
dient operator in the spatial domain comes down to a multiplication with i
times the wavenumber ~k = (kx, ky)
T in the wavenumber domain, Eq. 2 can
be written as
~Iφ (kx, ky) = −i~kφ (kx, ky) (12)
Taking the inner product of Eq. 12 with the wavenumber ~k gives
~Iφ (kx, ky) · ~k = −i~k · ~kφ (kx, ky) = −ik2φ (kx, ky) (13)
where k2 = ~k · ~k. Substituting definition ~Iφ = ~I − ~Iψ gives
φ (kx, ky) =
i
k2
{
~I (kx, ky) · ~k − ~Iψ (kx, ky) · ~k
}
(14)
Note that the last term between brackets, −~Iψ (kx, ky)·i~k, can also be written
in the spatial domain as ~∇ · ~Iψ (x, y). Since also by definition (see Eq. 3)
~Iψ (x, y) = ~∇×ψ, it can be seen that ~∇· ~Iψ (x, y) = ~∇· ~∇×ψ = 0. Thus the
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scalar potential φ can be determined from the measured (total) structural
intensity vector field ~I by
φ (kx, ky) = i
~I (kx, ky) · ~k
k2
(15)
Knowing the scalar potential field φ, the irrotational part of the structural
intensity can then be calculated as
~Iφ (x, y) = F−2
{
i~kφ (kx, ky)
}
(16)
In the following, we refer to this way of obtaining the structural intensity
(i.e. applying Eq. 15 and subsequently Eq. 16) as the Spatial Fourier
Transform (SFT) approach.
2.3. Determining the irrotational part of the structural intensity using a test
functional series expansion
In an alternative approach to determine the irrotational part of the struc-
tural intensity, a test irrotational intensity vector is introduced as
~Itest = ~∇φtest (17)
and a functional F (φtest), which is defined as
F (φtest) =
∫∫
S
∥∥∥~I − ~Itest∥∥∥2 dS (18)
The irrotational part of the intensity is sought by minimizing the functional
F (φtest).
Using Eq. 1, 2 and 3, the functional F (φtest) can be written as
F (φtest) =
∫∫
S
∥∥∥~∇ (φ− φtest) + ~∇× ψ∥∥∥2 dS (19)
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Developing the scalar product in the integral, Eq. 19 writes
F (φtest) =
∫∫
S
[∥∥∥~∇ (φ− φtest)∥∥∥2 + ∥∥∥~∇× ψ∥∥∥2 + 2<{~∇ (φ− φtest) ~∇× ψ∗}] dS
(20)
where ∗ denotes complex conjugate, and < denotes the real part. Using
Gauss’ theorem, the third part of the integral can be written as
2<

∫∫
S
~∇ (φ− φtest) ~∇× ψ∗dS
 = 2<

∫∫
S
(φ− φtest) ~∇ · ~∇× ψ∗dS
+
2<

∫
S¯
(φ− φtest) ~∇× ψ∗~ndS¯
 (21)
where S¯ is the boundary of surface S. The first term of the right leg of Eq.
21 vanishes because
~∇ · ~∇× ψ∗ = 0 (22)
Finally the functional can be written as
F (φtest) =
∫∫
S
[∥∥∥~∇ (φ− φtest)∥∥∥2 + ∥∥∥~∇× ψ∥∥∥2] dS+2<

∫
S¯
(φ− φtest) ~∇× ψ∗~ndS¯

(23)
It should be noted that the surface integral is an integral of a positive
quantity contrary to the line integral that is an integral of a quantity that
fluctuates on the line of integration, thus can be positive or negative and
tends to cancel. In the limit of an increasing surface, the line integral of a
fluctuating quantity has less and less influence on the functional value com-
pared to the surface integral of positive values. Thus in a first approximation,
for a sufficiently large surface of integration, the following approximation is
valid
F (φtest) ≈
∫∫
S
[∥∥∥~∇ (φ− φtest)∥∥∥2 + ∥∥∥~∇× ψ∥∥∥2] dS (24)
and the minimum of the thus defined functional yields a test scalar potential
φtest which is approximately equal to φ, i.e.:
φtest = φ (25)
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A possible practical criterion to verify the validity of approximation in
Eq. 24 can be to perform measurements at an increasingly large surface and
look at the convergence of the irrotational intensity.
To summarize, for a sufficiently large surface of integration, the scalar
potential φ can be found by:
φ = argmin
φtest
(F (φtest)) (26)
where
F (φtest) =
∫∫
S
∥∥∥~I − ~∇φtest∥∥∥2 dS (27)
Writing the possible test functions φtest as a series expansion of a set of
base functions fn
φtest =
Nbase∑
n=1
anfn (28)
where Nbase is the number of base functions and an are the unknown con-
stants. Constants an can be found by minimizing functional 27. As this
functional is convex, it is sufficient to satisfy Eq. 29
∂
∂an
∫∫
S
∥∥∥∥∥~I −
Nbase∑
n=1
an~∇fn
∥∥∥∥∥
2
dS = 0 (29)
In the case of a rectangular plate with surface S, cosine base functions can be
used. One advantage of the cosine base functions is that they are orthogonal
with respect to each other (yielding a diagonal matrix in Eq. 38). Note, how-
ever, that any other suitable set of functions, preferably orthogonal, would
suffice. Using the proposed cosine base test functions, we have:
φtest =
Nbase∑
p=0
Nbase∑
n=0
anp cos
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)
=
Nbase∑
p=0
Nbase∑
n=0
anp fnp (30)
where anp are the unknown constants (Nbase+1×Nbase+1) and where
fnp = cos
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)
(31)
As the potential is only defined up to a constant, the (0,0) term in the series
can be ignored.
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Substituting the test function given by Eq. 30 into Eq. 29 gives
∂
∂an
∫∫
S
(
~I −
Nbase∑
p=0
Nbase∑
n=0
anp~∇fnp
)(
~I∗ −
Nbase∑
p=0
Nbase∑
n=0
a∗np~∇fnp
)
dS = 0 (32)
Rewriting the gradient of the test functions as
~∇φtest =

∑Nbase
p=0
∑Nbase
n=0 −anp
(
npi
Lx
)
sin
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)
∑Nbase
p=0
∑Nbase
n=0 −anp
(
ppi
Ly
)
cos
(
npi
Lx
x
)
sin
(
ppi
Ly
y
)  (33)
the integral of Eq. 32 can be expressed as
R+
Nbase∑
p=0
Nbase∑
n=0
anpQnp+
Nbase∑
r=0
Nbase∑
s=0
a∗rsQ
∗
rs+
Nbase∑
p=0
Nbase∑
n=0
Nbase∑
r=0
Nbase∑
s=0
anpa
∗
rsFnprs (34)
where
R =
∫∫
S
~I~I∗dS (35)
Qnp =
∫∫
S
~∇fnp~I∗dS =∫∫
S
{(
npi
Lx
)
sin
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)
I∗x +
(
ppi
Ly
)
cos
(
npi
Lx
x
)
sin
(
ppi
Ly
y
)
I∗y
}
(36)
and
Fnprs =
∫∫
S
~∇fnp~∇f ∗rsdS =∫∫
S
{(
npi
Lx
)
sin
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)(
rpi
Lx
)
sin
(
rpi
Lx
x
)
cos
(
spi
Ly
y
)
+
(
ppi
Ly
)
cos
(
npi
Lx
x
)
sin
(
ppi
Ly
y
)(
spi
Ly
)
cos
(
rpi
Lx
x
)
sin
(
spi
Ly
y
)}
dS (37)
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For a rectangular surface the orthogonality of the (co)sine functions that
match the boundary conditions permits to easily calculate the Fnprs terms.
The matrix turns out to be diagonal.
Fnprs =
{(
npi
Lx
)2 (
1 + δ0p
)
+
(
ppi
Ly
)2 (
1 + δ0n
)} LxLy
4
δspδ
r
n (38)
where
δji =
1
0
if
i = j
i 6= j (39)
To calculate the minimum of the functional, we separate the real part and
the imaginary part of the unknown amplitudes anp:
anp = rnp + jxnp (40)
and substitued in Eq. 34, to finally write the integral of Eq. 32 as
R +
Nbase∑
p=0
Nbase∑
n=0
(rnp + jxnp)Qnp +
Nbase∑
r=0
Nbase∑
s=0
(rnp − jxnp)Q∗rs+
Nbase∑
p=0
Nbase∑
n=0
Nbase∑
r=0
Nbase∑
s=0
(rnp + jxnp) (rnp − jxnp)Fnprs (41)
Taking the derivatives of this result, as demanded by equation 32, and equat-
ing the result to zero, leads to the following matrices equations in terms of
rnp and xnp
[Ftqrs] {rrs} = −{< (Qtq)} (42)
[Ftqrs] {xrs} = −{= (Qtq)} (43)
where [Ftqrs] is a matrix, and where {xrs}, {rrs} and {Qtq} are column vec-
tors. As the matrix [Ftqrs] is diagonal, the solution is quite obvious:
rrs =
∫∫
S
{(
rpi
Lx
)
sin
(
rpi
Lx
x
)
cos
(
spi
Ly
y
)
< (I∗x (x, y)) +
(
spi
Ly
)
cos
(
rpi
Lx
x
)
sin
(
spi
Ly
y
)
< (I∗y (x, y))} dS{(
rpi
Lx
)2
(1 + δ0s) +
(
spi
Ly
)2
(1 + δ0r)
}
LxLy
4
(44)
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xrs =
∫∫
S
{(
rpi
Lx
)
sin
(
rpi
Lx
x
)
cos
(
spi
Ly
y
)
= (I∗x (x, y)) +
(
spi
Ly
)
cos
(
rpi
Lx
x
)
sin
(
spi
Ly
y
)
= (I∗y (x, y))} dS{(
rpi
Lx
)2
(1 + δ0s) +
(
spi
Ly
)2
(1 + δ0r)
}
LxLy
4
(45)
Hence the irrotational intensity can be calculated by
~∇φtest =

∑Nbase
p=0
∑Nbase
n=0 −anp
(
npi
Lx
)
sin
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)
∑Nbase
p=0
∑Nbase
n=0 −anp
(
ppi
Ly
)
cos
(
npi
Lx
x
)
sin
(
ppi
Ly
y
)  (46)
with, if (n, p) 6= (0, 0)
anp =
∫∫
S
{(
npi
Lx
)
sin
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)
I∗x (x, y) +
(
ppi
Ly
)
cos
(
npi
Lx
x
)
sin
(
ppi
Ly
y
)
I∗y (x, y)
}
dS{(
npi
Lx
)2 (
1 + δ0p
)
+
(
ppi
Ly
)2
(1 + δ0n)
}
LxLy
4
(47)
and, if (n, p) = (0, 0), then a00 = 0, where we have arbitrarily chosen, without
loss of generality, a zero constant term.
Note that in Eq. 47 the integral needs to be approximated numerically
because the intensity vector is only known (from measured data) at a number
of points. Since the denominator in Eqs. 47 varies as the square of indices,
and since the irrotational intensity is a smooth function in space one can
expect a good convergence of the series. The intensity vector can for instance
be determined from out-of-plane measurement data, employing Eq. 4, in
which case only the irrotational part of the structural intensity which is
related to the bending waves is being calculated. However, Eqs. 47 can also
be used for other types of estimates for the structural intensity.
The divergence of the structural intensity can be computed by taking the
spatial derivatives in x- and y-direction of Eq. 46:
~∇ · ~∇φtest =
Nbase∑
p=0
Nbase∑
n=0
{(
−anp
(
npi
Lx
)2
− anp
(
ppi
Ly
)2)
cos
(
npi
Lx
x
)
cos
(
ppi
Ly
y
)}
(48)
In the following, we refer to this way of obtaining the structural intensity
as the Test Functional Series (TFS) approach
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(a) (b)
Figure 1: Measurement equipment: (a) Shaker used to excite the wall ; (b) In-house
developed scanning laser Doppler vibrometer setup (cfr also [15]).
3. Application
The irrotational part of the structural intensity vectors is very useful to
localize energy sources and sinks [7]. Whilst the rotational part indicates how
the energy loops, which are not related to the energy flow at large distances
from the source, the irrotational intensity indicates how the energy flows from
the sources towards the structural ”far field”. Thus it gives a better view of
the structural energy, without the masking effects of energy loops that are
related to the rotational intensity.
The theory described in section 2 to determine irrotational part of the
structural intensity was applied to measurement data obtained in an exper-
iment on a light weight structure constructed from 12.5 mm gypsum fiber
boards. The butt joints of the gypsum fiber boards were sealed by applying
a jointing compound (a gypsum powder with a defined delay in becoming
rigid, allowing some time for erecting the structure), thus resulting in a con-
tinuous board, without slits in between the individual gypsum fiber boards,
and covering an area of 2.760 m × 1.250 m. No studs were present.
The light weight structure was excited by means of a Bruel&Kjaer mini-
shaker type 4810, shown in Fig. 1(a). The shaker was driven by band limited
white noise with a frequency range up to 3000 Hz.
The response of the structure was measured at the same side of the panel
by means of an in-house developed scanning laser Doppler vibrometer system
(Fig. 1(b)), which is based upon a single head laser Doppler vibrometer, a
Polytec laser head OFV-505 and a Polytec controller OFV-5000, and a dual-
axis scanning mirror system from Thorlabs. The vibrational velocity of the
structure was measured every 3.5 cm along a 2D grid of M=107 (horizontal)
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Figure 2: Snapshots of Operational Deflection Shape (ODS) of plankings vibrating at 81
Hz at 0o, 90o, 180o, and 270o in the cycle.
× N=39 (vertical) points, 4173 points in total. Signals were recorded at a
sampling rate of 25000 Hz, using 10 averages of records of 2 seconds.
In this paper only one timbre frame configuration is considered. For
a detailed analysis of a number of timbre frame configurations, in which
the influence of panel fastening on the acoustic performance of light-weight
building elements is considered, we refer to [15].
Operational deflection shapes (ODS) at a frequency of 81 Hz are shown
in Figure 2 and Figure 3. Figure 2 shows snapshots of the ODS at different
angles of the cycle. Figure 3(a) shows the amplitude of the ODS (unregular-
ized), both at a single arbitrarily chosen frequency: 81 Hz (the behavior was
found to be similar at other frequencies).
Regularizing the operational deflection shapes by means of a regressive
discrete Fourier series (RDFS, Sec. 2.2), using p = q =13 and a ratioM/M =
N /N =1.4, the ODS measurement data were smoothed, as shown in Figure
3(b). Employing both the regularized and unregularized measurement data,
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Figure 3: Amplitude of Operational Deflection Shape (ODS) of plankings vibrating at 81
Hz, (a) without regularization, (b) with RDFS regularization, using p = q =13 and a ratio
M/M = N/N =1.4
the structural intensity vectors were calculated by means of the formulation
of Arruda and Mas given in Eq. 4. Figure 4 shows the results at a frequency
of 81 Hz. The location of the shaker, at x =1.59 m and y =1.26 m, can
be clearly identified, with structural intensity vectors pointing away from
there, confirming the presence of a source of structural energy. The effect of
regularization can also be seen from this figure.
The irrotational part of the structural intensity was calculated both ac-
cording to the SFT approach and the alternative TFS approach of Sec. 2.2
and Sec. 2.3, respectively. The numerical results obtained by the latter
approach, without the use of RDFS regularization, are shown in Fig. 5.
Compared to the structural intensity (containing both rotational and irrota-
tional parts; cfr. Figure 4), the irrotational part of the structural intensity
reveals more clearly the source of structural energy, without the masking
effects of the energy loops that are related to the rotational intensity. In
particular the structural intensity components in the x- and y-direction are
cleaner (compare Fig 4(c) with Fig. 5(c)).
The convergence of the TFS calculations of the irrotational part of the
structural intensity was investigated by varying the number of base functions
Nbase that were used in the series expansion of the test functional φtest (Eq.
28). In Fig. 6, the divergence patterns of the structural intensity, calculated
by means of Eq. 48 for a range of Nbase-values are compared with patterns
obtained according to SFT approach (ref. Sec. 2.2). Fig. 7 shows the diver-
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gence around the point of excitation, comparing the results of the alternative
TFS approach for a single Nbase-value, with the SFT approach.
The divergence of the structural intensity reveals the excitation location
very clearly. Apparently, for this case, 25 base functions Nbase of the TFS
series expansion is more than sufficient to obtain satisfactory results. The
divergence pattern of the structural intensity obtained by the SFT approach
without RDFS regularization shows a rather noisy result (see Fig. 6(e)),
which is likely to be caused by measurement noise. The use of RDFS reg-
ularization (see Fig. 6(f)) reduces the noisiness of the result a bit, but as
expected using the alternative TFS approach with a limited number of base
functions (Nbase ≤ 25) gives a more smooth result, which is more correct
from a physical point of view.
Considering only a limited area around the point of excitation, as shown
in Fig. 7, the norm of the difference between the divergence calculated by
the SFT approach and by the alternative TFS approach is calculated for a
range of values for Nbase. The results are shown in Fig. 8, which shows that
the divergence of the structural intensity as calculated by the TFS approach
is indeed well converged for values of Nbase of about 20 or 25 base functions.
In section 2.3 it was pointed out that the TFS approach yields an ex-
act estimates of the irrotational intensity if the line integral in Eq. 23 is
negligible compared to the surface integral. For a sufficiently large surface
of integration, the line integral will be negligible compared to the surface
integral. In order to illustrate this, Fig. 9 shows the effect of the size of the
surface taken into account on the reconstruction of the structural intensity.
It can be seen that the larger the surface area considered, the better the
reconstruction appears to be.
The computational time for the calculation of the irrotational part of
the structural intensity by means of the TFS approach was found to be
proportional with (Nbase + 1)
2, as the matrix anp in Eq. 30 is of dimension
(Nbase+1 × Nbase+1). The computational time for the irrotational part of
the structural intensity when using a test functional with Nbase=25 base
functions approximately equals the time needed to perform a spatial Fourier
transform (SFT approach) (about 450 s on a 3.4GHz Intel processor for a
set of measurement data of dimension M=107 × N=73, with 5001 frequency
lines). Although due to the use of a Fast Fourier Transform (FFT) algorithm
the SFT approach is highly efficient, the TFS approach is about equally fast,
by virtue of the fast convergence of the series for calculating the irrotational
intensity, which is due to the fact that the contribution of the higher order
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terms of the series development reduces quadratically with the square of the
indices number (cfr. the denominator expression in Eq. 47).
4. Conclusions
A new approach was proposed to calculate the irrotational part of the
structural intensity for flexural wave motions in plate-like structures from
measurements of kinematic quantities, by employing a test functional series
(TFS) expansion. A series expansion with a limited number of series is
justified, because from a physical point of view the irrotational part of the
structural intensity is a smooth function in space.
Mathematical expressions were derived for a rectangular plate, using sim-
ple cosine base functions, but essentially, the method can be generalized to
non-rectangular plate-like structures.
The method was applied to process experimental data of the vibrational
pattern of a light-weight building element that were obtained by scanning
laser Doppler vibrometry. It is shown that the proposed method is less
sensitive to measurement noise as compared to an ”exact” determination
of the irrotational part of the structural intensity vectors, by virtue of the
smoothening effect of the test functional series expansion. Moreover, the test
functional series expansion exhibits good convergence behavior.
In the test functional series approach the assumption is made that the
contribution of the line integral in the expression for the functional is negli-
gible compared to the surface integral (see Eq. 24). The correctness of this
assumption can be verified by enlarging the measurement surface area and
checking the convergence of the results. For the application considered in
this paper, this assumption appeared to be correct.
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Figure 4: Structural intensity pattern of plankings vibrating at 81 Hz obtained by the
formulation of Eq. 4, employing RDFS regularization, using p = q =13 and a ratio
M/M = N/N =1.4: (a) Vector pattern b) Detail of vector pattern around the point of
excitation c) x-component d) y-component, and without regressive discrete Fourier series
regularization: e) x-component f) y-component
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Figure 5: Irrotational part of the structural intensity pattern of a plate, excited by a shaker
at 81 Hz calculated by TFS approach. a) Vector pattern b) Detail of vector pattern around
the point of excitation. c) x-component. d) y-component .
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(a) Using a test functional with Nbase=15
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(c) Using a test functional with Nbase=25
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(d) Using a test functional with Nbase=30
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(e) Using a spatial Fourier transform
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(f) Using a spatial Fourier transform, with
RDFS-regularization
Figure 6: Irrotational part of the structural intensity, calculated by TFS and SFT
approach. All results are without RDFS regularization, except for Figure 6(f) using
p = q =13 and a ratio M/M = N/N =1.4.
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Figure 7: Irrotational part of the structural intensity, shown in a selected area around
point of excitation. a) using a TFS approach without RDFS regularization. b) using the
SFT approach with RDFS regularization (p = q =13, M/M = N/N =1.4).
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Figure 8: Magnitude of the difference between the divergence calculated by the SFT and
TFS approach, as a function of Nbase.
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Figure 9: Irrotational part of the structural intensity, using the TFS approach without
RDFS regularization, employing a dataset of measurements that corresponds to a reduced
measurement surface (indicated by a dash-dotted line). a) Full measurement surface, b)
90% x 90% measurement surface, c) 80% x 80% measurement surface, d) 70% x 70%
measurement surface.
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